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Introduction

Rearrangement-invariant Banach function spaces

n

Given a finite interval I, we denote I" =Ix...x I, n€ N.

Definition

A rearrangement invariant Banach function space (briefly an r.i. space) is
defined as

(17) = {f e M(T" HfHX(I") < oo},

where H'Hx(xn) satisfies certain properties.

Examples The Lebesgue spaces LP(I"), where

(fI" |f(x)\pdx)1/p, 1< p< o

HfHLP(I") -
inf{C>0:|f(x)| < Cae}, p=oc.
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Introduction

Mixed norm spaces

Let ne N, n>2and k € {1,...,n}. For any x € I", we denote

—1
Xk:(Xl,...,Xk_l,Xk+1,...,Xn)EIn .

Definition

The Benedek-Panzone spaces are defined as

Rie(X,Y)={f e M(1"): HfHRk(X,Y) < o0},

where |||z, x vy = [06(F. V)| x sy 0lF Y)) =[£Gy ay-

v
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Introduction

Mixed norm spaces

Examples:

The Lebesgue spaces L1(I) = Rq(LY, L1);

[l = [ ontr 0605 = [ [ 1Al 5.
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Introduction

Mixed norm spaces
Examples:

The Lebesgue spaces L1(I) = Rq(LY, L1);

[l = [ ontr 0605 = [ [ 1Al 5.

The Benedek-Panzone spaces R (L, L?);

1/2
iy = [ oot 20005 = [ [1rGmPas) a5
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Introduction

Mixed norm spaces
Examples:

The Lebesgue spaces L1(I) = Rq(LY, L1);

[l = [ ontr 0605 = [ [ 1Al 5.

The Benedek-Panzone spaces R (L, L?);

1/2
iy = [ oot 20005 = [ [1rGmPas) a5
’ In—1 In—1 I
The Benedek-Panzone spaces Ry (L3, L>);

s 1/3 - 3 1/3
HfHRk(L3,L°°) = (/Inil ["'k(ﬁL )(Xk)] ka) = (/Ina Hf(Xk,')HLoo(,) ka) .
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Introduction

Mixed norm spaces
Definition
The mixed norm spaces R(X, Y) are defined as follows

R(X,Y) = ﬂ Ri(X, Y).
k=1

For each f € R(X,Y), we set HfHR(va) =3 i1 HfHRk(X,Y)‘

Examples:

The Lebesgue spaces LP(I") = R(LP,LP), 1 < p < oc.

6/21



Introduction

Sobolev spaces

We denote Vu = (Oxu,...,0x,u), where Oy u is the distributional partial
derivate of u with respect to x;.

Definition

The first-order Sobolev spaces are defined as

WrZ(1") == {ue L} (I"): u e Z(1") and |Vu| € Z(1")},

with the norm [|ull w17y = [lull z(zny + IV Ulll z¢gny -

By W2Z(1") we denote the closure of C2°(1") in W1Z(1").
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Introduction

Classical Sobolev embedding theorem
WELP(I") — LPY/(=PN(I"), 1< p < n.

Sobolev, case p > 1.
His proof did not apply to p = 1.

Gagliardo; Nirenberg, p = 1. Fournier embedding theorem
WELH(T") < R(LY, L) < L™ (1"). R(LY, L) — L Y(1").

VYR e L7 s 17 (7)),
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Sobolev embeddings in rearrangement-invariant Banach spaces

Sobolev embeddings in r.i. spaces

Kerman and Pick studied the Sobolev embeddings among r.i. spaces. In
particular, they solved the following problems:

« Given an r.i. range space X(I"), find the largest r.i. domain space,
with a.c. norm, namely Z(I"), satisfying

W3Z(1") < X(1I™).
This means that if WEZ(1") < X(I") = Z(1") < Z(I").
« Given an r.i. domain space Z(I"), describe the smallest r.i. range
space, namely X(I"), that verifies
Wi Z(1™) — X(I").

That is, if W2Z(I") < X(I") = X(I") < X(I").
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Sobolev embeddings in rearrangement-invariant Banach spaces

Examples
Classical Sobolev embedding theorem
WELP(I") < LP/(=P)(1"), 1< p < n.
Hunt; O’Neil; Peetre.
WRLP(I") — LPY/(=P)hP(17).
Kerman and Pick Kerman and Pick
Optimal r.i. domain space: LP(I"). Optimal r.i. range space: LP"/("=P):P(1"),
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Sobolev embeddings in rearrangement-invariant Banach spaces

Examples

Critical Sobolev embedding theorem
WG L"(1") — LP(I"), 1 < p < 0.

Maz'ya; Hansson; Brézis and Wainger
WG L"(1") < L™ (1),

Kerman and Pick Hansson; Kerman and Pick

Optimal r.i. domain space: Zjco,n—1(I"). Optimal r.i. range space: L°>"~1(1").
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Sobolev embeddings in mixed norm spaces

Motivation

Classical Sobolev embeddings

Kerman and Pick
Optimal domain and range of
WgZ(1") = Y(I"),
within the class of r.i. spaces.

Gagliardo; Nirenberg
Wo LH(1I") < R(LY, L>°).

Describe the largest domain space and the smallest
range with mixed norm in Wy Z(I") — R(X, L*).
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Sobolev embeddings in mixed norm spaces
Problem

Let X(/"71) be an r.i. space and let Z(I") be an r.i space, with a.c. norm.
Our aim is to study the Sobolev embedding

W3Z(1") < R(X, L™). (1)

We are interested in the following questions:

e Given a mixed norm space R(X, L), we want to find the largest r.i.
domain space, with a.c. norm, satisfying (1).

@ Let Z(I") be an r.i. domain space, with a.c. norm. We would like

to find the smallest range space of the form R(X, L) for which (1)
holds.
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Sobolev embeddings in mixed norm spaces

Examples

Classical Sobolev embedding theorem
WELP(I") — LPY/(=PN(I"), 1< p < n.

WolLP(I") < R(LP("—l)/("—P)vlJ’ 152,

7z(Lp(n_n/(n—p),p’ L) optimal

LP(I") optimal r.i. domain space.
range of the form R(X, L*).

14/21



Sobolev embeddings in mixed norm spaces

Examples

Critical Sobolev embedding theorem
W L™(I") — LP(1"), 1 < p < 0.

W L"(1") — R(L>"7H, L),

R(L%>"=1, L) optimal

Z,00,m—1(I") optimal r.i. domain space.
range of the form R(X, L*).

15/21



Domain space: LP(I"),1<p<n

Classical Sobolev embedding theorem
WRLP(I") — LPY(=P)(I™), 1< p < n.

Kerman and Pick R(LP=1/(n=P)P [ optimal
L””/("_”)’P(I”) optimal r.i. range space. range of the form R(X, L™).

WRLP(I") — R(Lp(nfl)/(nfp)w’ L>) ? Lpn/(nfp)(In).
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Sobolev embeddings in mixed norm spaces

Domain space: L"(1")

Critical Sobolev embedding theorem
WEL"(I™) = LP(I"), 1 < p < oo.

Kerman and Pick R(L>>"1 L) optimal
L°>"=1(I") optimal r.i. range space. range of the form R(X, L™).

Woan(In) N R(Loo,n;flj Loo) :) Loo,n;fl(In).
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Domain space: Z(I")

Z(I") r.i. domain space.

R(Y*P, L) optimal range
of the form R(X, L*) for
W3 Z(1I") < R(Y®P, L>).

X°P(1I") optimal r.i. range space for
W3 Z(1") — X°P(1").

W3 Z(1") < R(Y®P, L) = X°P(I").
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Critical case of the classical Sobolev embedding

Critical case of the classical Sobolev embedding

Critical Sobolev embedding theorem

Hansson; Kerman and Pick
Optimal r.i range space
Wg L"(T1") < L™ H(T").

Bastero, Milman and Ruiz; Maly and Pick
Improvement among non-linear r.i. spaces
WG L"(I") = L(oo, n)(1") 2 Lo>m=h(Tm).
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Critical case of the classical Sobolev embedding

Critical case of the classical Sobolev embedding

Critical Sobolev embedding theorem

Optimal range of the form R(X, L*)
Wg L"(1") — Lo>m (1),

Improvement among non-linear spaces of the form R(X, L*)
W5 L"(1") = R(L(c0, n), L>) 4 R(Lo"7E L).
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The end

Thank You!!



	Introduction
	Sobolev embeddings in rearrangement-invariant Banach spaces
	Sobolev embeddings in mixed norm spaces
	Critical case of the classical Sobolev embedding

