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o QCR"™and f: 00 — R given.
e Want to find v : 9 — R such that
{ Au=01in €,
“‘aQ:f'
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Dirichlet Problem

o QCR"™and f: 00 — R given.
e Want to find v : 9 — R such that

{ Au=01in €,
ulpg = f-
Laplace operator:
0? 0?
A=—+..+—.
o2 T B2
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Q=D = {|z[ <1} f=1rO)ec(sh)
Solution: o T
— |z
uf(z) = ; f(g)mda-
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Q=D ={[z| <1} f=1rO)ec(sh)

Solution:
1—|z[?

2
Uf(Z):/O f(g)mda-

—22

o Aus(z) = [Z f(B)A (fgﬂ) df = 0 for all |2| < 1.
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Q=D ={[z| <1} f=1rO)ec(sh)

Solution:
1—|z[?

2
Uf(Z):/O f(g)mda-

—22

o Aus(z) = [Z f(B)A (fgﬂ) df = 0 for all |2| < 1.
° Uf‘aQ = f, ie.,

lim  wug(z) = f(6)

D3z—set?

for all 0 < 6 < 27.

Sergi Arias Fredholm theory for the Dirichlet problem



Q=D ={]z] <1} F=f0)eLP(SY),1<p< .

Solution:
1—|z[?

2w
Uf(Z):/O f(g)mda-

o Aug(z) = 02” f(OHA (%) df =0 for all || < 1.

° Uf‘ag = f, ie.,

lim  wug(z) = f(6)

D3z—>et?

for all 0 < 6 < 27.
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Q=D={z| <1} f=f0)eLP(S'), 1<p<co.

Solution:

o Aus(z) = [7 £(0)A ( 1;'2'22) d9 =0 for all |2] < 1.

e —z]

° U’f‘aﬂ = f, ie.,

up(z) = f(0)

im
'(0)3z—et?

for all nontangential cone I'(6), for all 0 < 6§ < 2.
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Q=H= {Imz > 0} f=f{) eCR)
Solution:
w() = [ FOPo,
where )
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Q=H= {Imz > 0} f=f{) eCR)
Solution:
- / FOP(t)dt
R
where )
Yy .
P(t)y=-—Y = .
(t) o PR =T+ 1y
o Auy(z) = [ f( t)dt =0 for all Imz > 0.
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Q=H= {Imz > 0} f=f{) eCR)
Solution:
- / FOP(t)dt
R
where )
Yy .
P(t)y=—— 2L .= .
(t) o PR =T+ 1y
o Auy(z) = [ f( t)dt =0 for all Imz > 0.

° uf‘@Q = f, ie.,

lm  uy(z) = f(t)

H>z—>t

for all t € R.
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Q=H = {Imz > 0} f=ft)e L’(R),1<p<oo

Solution:

where )
Yy .
Pt)=-—2L .= .
(t) P PR z=x+1iy
o Auy(z) = [ f( t)dt =0 for all Imz > 0.

° uf‘@Q = f, ie.,

lm  uy(z) = f(t)

H>z—>t

for all t € R.
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Q=H= {Imz > 0} f=ft)e L’(R),1<p< oo

Solution:

where 1
Yy .
P(t)y=——2L .= .
(t) o PR z=x+ 1y
o Aug(z) fR t)dt =0 for all Imz > 0.

° Uf‘aﬂ = f,ie.,

lim  wus(z) = f(t)

L(t)5z—t

for all nontangential cone I'(t), for all t € R.
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Dirichlet Problem in a C? domain

{ Au =0 in §,
ulgn = 1.
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Dirichlet Problem in a C? domain

{ Au =0 in §,
ulgn = 1.

e s a C?2 domain (the boundary is locally the graph of a C?
function).
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Dirichlet Problem in a C? domain

{ Au =0 in §,
ulgn = 1.

e s a C?2 domain (the boundary is locally the graph of a C?
function).

e f:0Q — R continuous.
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Double layer potential

Let r(z) = cnm%, n > 3.
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Double layer potential

Let r(z) = cnm%, n>3. (Ar=0)
Define R(z,y) = r(z —y).

Definition

T R(X,QF(@o(Q), X ¢ 00,
a0 onQ
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Double layer potential

Let r(z) = cnm%, n>3. (Ar=0)
Define R(z,y) = r(z —y).

Definition

X)i= [ S RXQFQo(@), X ¢ 00
a9 onQ

o feC(OQ).
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Double layer potential

Let r(z) = cnm%, n>3. (Ar=0)
Define R(z,y) = r(z —y).

Definition

/ TRX Q)f(Q)do(Q), X ¢ Q.
a0 onQ

o feC(09).
° a% is the directional derivative along the unit outward

normal for 99 at Q.
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Double layer potential

Let r(z) = cnm%, n>3. (Ar=0)
Define R(z,y) = r(z —y).

Definition

/ 9 RX.Q)f(Q)do(Q), X ¢ 09.
o0

ong
o feC(09).
° % is the directional derivative along the unit outward

normal for 99 at Q.

o do is the surface measure of 0f).

Sergi Arias Fredholm theory for the Dirichlet problem



Double layer potential

— 0.
[ S RX.Q)(Q)r(Q). X ¢
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Double layer potential

— 0.
[ S RX.Q)(Q)r(Q). X ¢

e We observe that ADf(X) =0 for all X ¢ Q.

AxR(X,Q) = Axr(X — Q)
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Double layer potential

/ TR (X, Q)f(Q)do(Q), X ¢ .
o0 Ong

e We observe that ADf(X) =0 for all X ¢ Q.

AxR(X,Q) = Axr(X — Q)

o Behaviour of Df on 07
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Observations

Standard computations give

0 <X — Q,nQ >
7 R(X,Q) =cn
ong (X.Q) X — Q"

. X €00, Qe on.

Fredholm theory for the Dirichlet problem



Observations

Standard computations give

0 <X — Q,nQ >
—R(X, =cp , X ¢ 09, € 09.
Define “P_0Q -
— ’nQ
K(PQ)=-cn

where P, @ € 02 and P # Q.

Sergi Arias Fredholm theory for the Dirichlet problem



Observations

<P-Q,ng>
P —Q"

K(P,Q)=cy
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P —Q"

K(P,Q)=cy

e K(P,Q) is continuous in {(P,Q) € 92 x 002 : P # Q}.
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Observations

<P-Q,ng>
P —Q"

K(P,Q)=cy

e K(P,Q) is continuous in {(P,Q) € 92 x 002 : P # Q}.
@ There exists C' > 0 such that

C

|K(P,Q)| < P
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Observations

<P-Q,ng> C

K(P,Q)=cn P_qn ,|K(P7Q)’§W
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Observations

<P-Q,ng> C
Poqp |K(P7Q)’§W

P = (z,0(r)) and Q = (y,¢(y)) for certain x,y € R*1 where
¢ is a C? function.

K(PaQ):Cn
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Observations

<P-Q,ng> C
Poqp |K(P7Q)’§W

P = (z,0(r)) and Q = (y,¢(y)) for certain x,y € R*1 where
@ is a C? function. Then

K(PaQ):Cn

(Veo(y), —1)

VIVe(y)+1°
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Observations

<P-Q,ng> C
Poqp |K(P7Q)’§W

P = (z,0(r)) and Q = (y,¢(y)) for certain x,y € R*1 where
@ is a C? function. Then

K(PaQ):Cn

(Veo(y), —1)

VIVe(y)+1°

| <P-Q,(Vey), —1) > |
P —Q"

|K(P,Q)| < ¢
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Observations

| < P—Q,(Vo(y),—1) > |
[P —QI"

[K(P,Q)| < cn
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Observations

| <P-Q (Ve(y),—1) > |

Write
o(x) = oY)+ <z —y,Vo(y) > +e(z,y),

where e(x,y) = O(|z — y|?).

Sergi Arias Fredholm theory for the Dirichlet problem



Observations

| < P—Q,(Vo(y),—1) > |
[P —QI"

[K(P,Q)| < cn

Write
o(x) = oY)+ <z —y,Vo(y) > +e(z,y),

where e(z,y) = O(|z — y|?).Then

| < P—=Q,(Vp(y),-1) > | =<z -y, Vo(y) > +p(y) — p(z)|
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Observations

| < P—Q,(Vo(y),—1) > |
[P —QI"

[K(P,Q)| < cn

Write
o(x) = oY)+ <z —y,Vo(y) > +e(z,y),

where e(z,y) = O(|z — y|?).Then

| < P—=Q,(Vp(y),-1) > | =<z -y, Vo(y) > +p(y) — p(z)|
= le(z,y)|
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Observations

| < P—Q,(Vo(y),—1) > |
[P —QI"

[K(P,Q)| < cn

Write
o(x) = oY)+ <z —y,Vo(y) > +e(z,y),

where e(z,y) = O(|z — y|?).Then

| < P—=Q,(Vp(y),-1) > | =<z -y, Vo(y) > +p(y) — p(z)|
= le(z,y)|
< Clz —y|*.
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Observations

| < P—Q,(Vo(y),—1) > |
[P —QI"

[K(P,Q)| < cn

Write
o(x) = oY)+ <z —y,Vo(y) > +e(z,y),

where e(z,y) = O(|z — y|?).Then

| < P—=Q,(Vp(y),-1) > | =<z -y, Vo(y) > +p(y) — p(z)|
= le(z,y)|
< Clz —y|*.

C

[K(P,Q)| < P_qpe
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Observations

e K(P,Q) is continuous in {(P,Q) € 92 x 00 : P # Q}.
@ There exists C' > 0 such that

C

|K(P,Q)| < Pogp?
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Observations

e K(P,Q) is continuous in {(P,Q) € 92 x 00 : P # Q}.
@ There exists C' > 0 such that

C

|K(P,Q)| < Pogp?

It is a continuous kernel of order n — 2.
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Observations

e K(P,Q) is continuous in {(P,Q) € 92 x 00 : P # Q}.
@ There exists C' > 0 such that

C

|K(P,Q)| < Pogp?

It is a continuous kernel of order n — 2. We can define

Tf(P):= [ K(PQ)f(Q)do(Q),

15)9)
where P € 0f).
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Observations

e K(P,Q) is continuous in {(P,Q) € 92 x 00 : P # Q}.
@ There exists C' > 0 such that

C

|K(P,Q)| < Pogp?

It is a continuous kernel of order n — 2. We can define
Tf(P):= QQK(P,Q)f(Q)dU(Q),

where P € 9f0.
o T'f eC(00).
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Behaviour of Df in the boundary

X)i= [ S RXLQUFQUa(@). X ¢ 09
o0 onQ

Tf(P):= [ K(P.Q)f(Q)do(Q), P o

o0N
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Behaviour of Df in the boundary

F(X) _/manQRXQ Q)do(Q), X ¢ 99

Tf(P):= [ K(P.Q)f(Q)do(Q), P o

oN
Take f = 1. Then

—RXQdaQ)

{11fX€Q
aQaTlQ

0if X ¢ Q
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Behaviour of Df in the boundary

F(X) _/manQRXQ Q)do(Q), X ¢ 99

Tf(P):= [ K(P.Q)f(Q)do(Q), P o

oN
Take f = 1. Then

—RXQdaQ)

{11fX€Q
aQaTlQ

0if X ¢ Q

and
Tf(P)= - K(P,Q)f(Q)do(Q) = 5
for P € 0.
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Behaviour of Df in the boundary

When f =1,
. 1
Qagrip DIX)=1=Tf(P)+ 2
and )
lim Df(X)=0=Tf(P)— .
RMN\Q3X —P 2
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Behaviour of Df in the boundary

When f =1,
. 1
Qagrip DIX)=1=Tf(P)+ 2
and .
lim Df(X)=0=Tf(P)— .
RMN\Q3X —P 2

Theorem

For all f € C(092),

. 1
Llm  DF(X) =T(P)+ 5 f

and

lim  Df(X) = TF(P)— %f.
R\Q5X—P
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Behaviour of Df in the boundary

@ Denote D the restriction to 0f2 of the extension from
inside.

@ Denote D_ the restriction to 9f2 of the extension from
outside.
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Behaviour of Df in the boundary

@ Denote D the restriction to 0f2 of the extension from
inside.

@ Denote D_ the restriction to 9f2 of the extension from
outside.

We have seen that

1 1
D+:§I—|—T and D,:—§I—|—T.
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Behaviour of Df in the boundary

@ Denote D the restriction to 0f2 of the extension from
inside.

@ Denote D_ the restriction to 9f2 of the extension from
outside.

We have seen that

1 1
D+:§I—|—T and D,:—§I—|—T.

e We would like D, to be surjective.
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Behaviour of Df in the boundary

@ Denote D the restriction to 0f2 of the extension from
inside.

@ Denote D_ the restriction to 9f2 of the extension from
outside.

We have seen that

1 1
D+:§I—|—T and D,:—§I—|—T.

e We would like D, to be surjective.

Theorem
The operator T : C(0Q2) — C(09) is compact.
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Fredholm Alternative

Definition

A linear operator T : E — F' between Banach spaces is
compact if T(Bg(0,1)) is compact.
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Fredholm Alternative

Definition

A linear operator T : E — F' between Banach spaces is
compact if T(Bg(0,1)) is compact.

Fredholm Alternative Theorem

Let Hq be a Hilbert space and T : H; — H; a linear, bounded
and compact operator. For A # 0, TFAE:

o T — M is surjective.

o T — A\ is injective.
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Fredholm Alternative

Definition

A linear operator T : E — F' between Banach spaces is
compact if T(Bg(0,1)) is compact.

Fredholm Alternative Theorem

Let Hq be a Hilbert space and T : H; — H; a linear, bounded
and compact operator. For A # 0, TFAE:

o T — M is surjective.

o T — A\ is injective.




Fredholm Alternative

The adjoint of T is
T°f(P) = - K*(P,Q)f(Q)do(Q),

where
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Fredholm Alternative

The adjoint of T is
T°f(P) = - K*(P,Q)f(Q)do(Q),

where

K™ is a continuous kernel of order n — 2.
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Fredholm Alternative

The adjoint of T is
T f(P) = - K*(P,Q)f(Q)do(Q),
where
K*(P,Q) = K(Q,P).
K™ is a continuous kernel of order n — 2.

C

K™ (P,Q)| < Poqpe
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Fredholm Alternative

The adjoint of T is
T°f(P) = - K*(P,Q)f(Q)do(Q),

where
K*(P,Q)=K(Q,P).
K™ is a continuous kernel of order n — 2.

C

K™ (P,Q)| < Poqpe

o Goal: see that T™* + %I is injective.
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Single Layer Potential

For f € C(0%2), we define

SHX) = | R(X,Q)f(Q)do(Q) = (r= f)(X),

o

with X ¢ 0Q.
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Single Layer Potential

For f € C(0%2), we define
SHX) = - R(X,Q)f(Q)do(Q) = (r* [)(X),

with X ¢ 0Q.
o ASf(X) =0 for all X ¢ 09Q.
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Single Layer Potential

For f € C(0%2), we define

SHX) = | R(X,Q)f(Q)do(Q) = (r= f)(X),

o
with X ¢ 0Q.
o ASf(X) =0 for all X ¢ 09Q.
e SfeC(R™).
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Single Layer Potential

SHX) = /a RX.Q)f(QUo(@). X ¢ 09,
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Single Layer Potential

SHX) = /a RX.Q)f(QUo(@). X ¢ 09,

The map

I x (—e,€) =V
(P,t)— P +tnp

is a diffeomorphism.
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Single Layer Potential

SHX) = /a RX.Q)f(QUo(@). X ¢ 09,

The map

I x (—e,€) =V
(P,t)— P +tnp

is a diffeomorphism. For P € 0 and [t| < €, t # 0, we define

DSF(P + tnp) = /a ) O R(P + tnp,Q)(Q)do(Q).

onp
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DSF(P + tnp) = /8 ) O R(P+ tnp. Q) Qo (Q).

onp
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DSF(P + tnp) = /8 ) O R(P+ tnp. Q) Qo (Q).

onp

Theorem
If f e,
e DSfecCc(anV).

o DSfeC®R"\QNV).
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DSF(P + tnp) = /8 ) O R(P+ tnp. Q) Qo (Q).

onp

Theorem

If fecC,
e DSfecCc(nV).
e DSfeCR*\QNYV).

Restriction to the boundary of the interior extension: D, S.
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DSF(P + tnp) = /8 ) O R(P+ tnp. Q) Qo (Q).

onp

Theorem

If fecC,
e DSfecCc(nV).
e DSfeCR*\QNYV).

Restriction to the boundary of the interior extension: D, S.
Restriction to the boundary of the exterior extension: D_.S.
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DSHP+tnp) = | S R(P+tnp.Q)F(QUo(@).

Theorem

If fecC,
e DSfecCc(nV).
e DSfeCR*\QNYV).

Restriction to the boundary of the interior extension: D, S.
Restriction to the boundary of the exterior extension: D_.S.

Theorem

e D_S = %I—FT*.
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DSHP+tnp) = | S R(P+tnp.Q)F(QUo(@).

Theorem

If fecC,
e DSfecCc(nV).
e DSfeCR*\QNYV).

Restriction to the boundary of the interior extension: D, S.
Restriction to the boundary of the exterior extension: D_.S.

Theorem

e D_S = %I—FT*.

Is D_S injective?
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Is D_S injective?

Assume D_Sf = 0 for some f € C(0R).
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Is D_S injective?

Assume D_Sf =0 for some f € C(09). Let v =S5f € C(R").
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Is D_S injective?

Assume D_Sf =0 for some f € C(09). Let v =S5f € C(R").
By Green’s formula,

/ Vol? = / vAwv —i—/ v—da =0.
R™\Q RO o On
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Is D_S injective?

Assume D_Sf =0 for some f € C(09). Let v =S5f € C(R").
By Green’s formula,

/ Vol? = / vAwv —i—/ v—da =0.
R™\Q RO o On

e v = Sf is harmonic in R \ Q.
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Is D_S injective?

Assume D_Sf =0 for some f € C(09). Let v =S5f € C(R").
By Green’s formula,

/ Vol? = / vAwv —i—/ v—da =0.
R™\Q RO o On

e v = Sf is harmonic in R \ Q.
o =0 gf—D Sf=0.
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Is D_S injective?

Assume D_Sf =0 for some f € C(0f2). Let v=Sf € C(R").
By Green’s formula,

/ Vol? = / vAwv +/ v—da =0.
R™\Q RO o On

e v = Sf is harmonic in R \ Q.
° gZ:anSf D_Sf=0.
Then Vo =0 in R\ Q.
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Is D_S injective?

Assume D_Sf =0 for some f € C(0f2). Let v=Sf € C(R").
By Green’s formula,

/ Vol? = / vAwv +/ v—da =0.
R™\Q RO o On

e v = Sf is harmonic in R \ Q.
o =0 gf—D Sf=0.
Then Vv = 0 in R™ \ . But

oX) = 5700 = [ R(X.Q1(@00(@) =0 (,Xl)

as | X| — oo.
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Is D_S injective?

Assume D_Sf =0 for some f € C(0f2). Let v=Sf € C(R").
By Green’s formula,

/ Vol? = / vAwv +/ v—da =0.
R™\Q RO o On

e v = Sf is harmonic in R \ Q.
o =0 gf—D Sf=0.
Then Vv = 0 in R™ \ . But

oX) = 5700 = [ R(X.Q1(@00(@) =0 (,Xl)

as | X| — oo. So v =0 in R\ Q.
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Is D_S injective?

Assume D_Sf =0 for some f € C(0f2). Let v=Sf € C(R").
By Green’s formula,

/ Vol? = / vAwv +/ v—da =0.
R™\Q RO o On

e v = Sf is harmonic in R \ Q.
o =0 gf—D Sf=0.
Then Vv = 0 in R™ \ . But

oX) = 5700 = [ R(X.Q1(@00(@) =0 (,Xl)

as | X| — oo. So v =0 in R"\ . By the maximum principle,
Sf=v=0in R"
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Is D_S injective?

Assume D_Sf =0 for some f € C(0f2). Let v=Sf € C(R").
By Green’s formula,

/ Vol? = / vAwv +/ v—da =0.
R™\Q RO o On

e v = Sf is harmonic in R \ Q.
o =0 gf—D Sf=0.
Then Vv = 0 in R™ \ . But

oX) = 5700 = [ R(X.Q1(@00(@) =0 (,Xl)

as | X| — oo. So v =0 in R"\ . By the maximum principle,
Sf=v=0in R"= f =0.
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Limitations

for the Dirichlet problem



Limitations

At some point we wrote

o(x) = o(y)+ <z —y,Vo(y) > +e(z,y), (1)

where e(z,y) = O(|z — y|?).
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At some point we wrote

o(x) = o(y)+ <z —y,Vo(y) > +e(z,y), (1)

where e(z,y) = O(|z — y|?).
Let Q be a C'*® domain, a > 0. That is, locally 952 is the graph
of a C1*@-function ¢, i.e., p is C! and

dp (z) — Oy

(y)| < Clz —y|*.
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Limitations

At some point we wrote

o(x) = o(y)+ <z —y,Vo(y) > +e(z,y), (1)

where e(z,y) = O(|z — y|?).
Let Q be a C'*® domain, a > 0. That is, locally 952 is the graph
of a C1*@-function ¢, i.e., p is C! and

dp (z) — Oy

(y)| < Clz —y|*.

Then (1) is valid and

e(z,y) = O(lz —y|'*®).
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Limitations

At some point we wrote

o(x) = o(y)+ <z —y,Vo(y) > +e(z,y), (1)

where e(z,y) = O(|z — y|?).
Let Q be a C'*® domain, a > 0. That is, locally 952 is the graph
of a C1*@-function ¢, i.e., p is C! and

dp (z) — Oy

(y)| < Clz —y|*.

Then (1) is valid and
e(z,y) = Oz — y|'**).

C

|K(P,Q)‘ < W-
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Thank you for your attention!
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