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Dirichlet Problem

Ω ⊆ Rn and f : ∂Ω −→ R given.

Want to find u : Ω −→ R such that{
∆u = 0 in Ω,
u
∣∣
∂Ω

= f.

Laplace operator:

∆ =
∂2

∂x2
1

+ ...+
∂2

∂x2
n

.
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Examples

Ω = D = {|z| < 1}

f = f(θ) ∈ C(S1)

Solution:

uf (z) =

∫ 2π

0
f(θ)

1− |z|2

|eiθ − z|2
dθ.

∆uf (z) =
∫ 2π

0 f(θ)∆
(

1−|z|2
|eiθ−z|2

)
dθ = 0 for all |z| < 1.

uf
∣∣
∂Ω

= f , i.e.,

lim
D3z−→eiθ

uf (z) = f(θ)

for all 0 ≤ θ < 2π.
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Examples

Ω = H = {Imz > 0}

f = f(t) ∈ C(R)

Solution:

uf (z) =

∫
R
f(t)Pz(t)dt,

where

Pz(t) =
1

π

y

(x− t)2 + y2
, z = x+ iy.

∆uf (z) =
∫
R f(t)∆Pz(t)dt = 0 for all Imz > 0.

uf
∣∣
∂Ω

= f , i.e.,
lim

H3z−→t
uf (z) = f(t)

for all t ∈ R.
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Dirichlet Problem in a C2 domain

{
∆u = 0 in Ω,
u
∣∣
∂Ω

= f.

Ω is a C2 domain (the boundary is locally the graph of a C2

function).

f : ∂Ω −→ R continuous.
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Double layer potential

Let r(x) = cn
1

|x|n−2 , n ≥ 3.

(∆r = 0)

Define R(x, y) = r(x− y).

Definition

Df(X) :=

∫
∂Ω

∂

∂nQ
R(X,Q)f(Q)dσ(Q), X /∈ ∂Ω.

f ∈ C(∂Ω).
∂

∂nQ
is the directional derivative along the unit outward

normal for ∂Ω at Q.

dσ is the surface measure of ∂Ω.
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Double layer potential

Df(X) :=

∫
∂Ω

∂

∂nQ
R(X,Q)f(Q)dσ(Q), X /∈ ∂Ω.

We observe that ∆Df(X) = 0 for all X /∈ ∂Ω.

∆XR(X,Q) = ∆Xr(X −Q)

Behaviour of Df on ∂Ω?
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Observations

Standard computations give

∂

∂nQ
R(X,Q) = cn

< X −Q,nQ >
|X −Q|n

, X /∈ ∂Ω, Q ∈ ∂Ω.

Define

K(P,Q) = cn
< P −Q,nQ >
|P −Q|n

where P,Q ∈ ∂Ω and P 6= Q.
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Observations

K(P,Q) = cn
< P −Q,nQ >
|P −Q|n

K(P,Q) is continuous in {(P,Q) ∈ ∂Ω× ∂Ω : P 6= Q}.
There exists C > 0 such that

|K(P,Q)| ≤ C

|P −Q|n−2
.
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Observations

K(P,Q) = cn
< P −Q,nQ >
|P −Q|n

, |K(P,Q)| ≤ C

|P −Q|n−2

P = (x, ϕ(x)) and Q = (y, ϕ(y)) for certain x, y ∈ Rn−1, where
ϕ is a C2 function. Then

nQ =
(∇ϕ(y),−1)√
|∇ϕ(y)|+ 1

.

|K(P,Q)| ≤ cn
| < P −Q, (∇ϕ(y),−1) > |

|P −Q|n
.
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Observations

|K(P,Q)| ≤ cn
| < P −Q, (∇ϕ(y),−1) > |

|P −Q|n

Write
ϕ(x) = ϕ(y)+ < x− y,∇ϕ(y) > +e(x, y),

where e(x, y) = O(|x− y|2).Then

| < P −Q, (∇ϕ(y),−1) > | = | < x− y,∇ϕ(y) > +ϕ(y)− ϕ(x)|

= |e(x, y)|
≤ C|x− y|2.

|K(P,Q)| ≤ C

|P −Q|n−2
.
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Observations

K(P,Q) is continuous in {(P,Q) ∈ ∂Ω× ∂Ω : P 6= Q}.
There exists C > 0 such that

|K(P,Q)| ≤ C

|P −Q|n−2
.

It is a continuous kernel of order n− 2. We can define

Tf(P ) :=

∫
∂Ω
K(P,Q)f(Q)dσ(Q),

where P ∈ ∂Ω.

Tf ∈ C(∂Ω).
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Behaviour of Df in the boundary

Df(X) :=

∫
∂Ω

∂

∂nQ
R(X,Q)f(Q)dσ(Q), X /∈ ∂Ω

Tf(P ) :=

∫
∂Ω
K(P,Q)f(Q)dσ(Q), P ∈ ∂Ω

Take f ≡ 1. Then

Df(X) =

∫
∂Ω

∂

∂nQ
R(X,Q)dσ(Q) =

{
1 if X ∈ Ω,

0 if X /∈ Ω,

and

Tf(P ) =

∫
∂Ω
K(P,Q)f(Q)dσ(Q) =

1

2

for P ∈ ∂Ω.
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Behaviour of Df in the boundary

When f ≡ 1,

lim
Ω3X−→P

Df(X) = 1 = Tf(P ) +
1

2

and

lim
Rn\Ω3X−→P

Df(X) = 0 = Tf(P )− 1

2
.

Theorem

For all f ∈ C(∂Ω),

lim
Ω3X−→P

Df(X) = Tf(P ) +
1

2
f

and

lim
Rn\Ω3X−→P

Df(X) = Tf(P )− 1

2
f.
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Behaviour of Df in the boundary

Denote D+ the restriction to ∂Ω of the extension from
inside.

Denote D− the restriction to ∂Ω of the extension from
outside.

We have seen that

D+ =
1

2
I + T and D− = −1

2
I + T.

We would like D+ to be surjective.

Theorem

The operator T : C(∂Ω) −→ C(∂Ω) is compact.
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Fredholm Alternative

Definition

A linear operator T : E −→ F between Banach spaces is
compact if T (BE(0, 1)) is compact.

Fredholm Alternative Theorem

Let H1 be a Hilbert space and T : H1 −→ H1 a linear, bounded
and compact operator. For λ 6= 0, TFAE:

T − λI is surjective.

T ∗ − λI is injective.

D+ =
1

2
I + T

(
λ = −1

2

)
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Fredholm Alternative

The adjoint of T is

T ∗f(P ) =

∫
∂Ω
K∗(P,Q)f(Q)dσ(Q),

where
K∗(P,Q) = K(Q,P ).

K∗ is a continuous kernel of order n− 2.

|K∗(P,Q)| ≤ C

|P −Q|n−2
.

Goal: see that T ∗ + 1
2I is injective.
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Single Layer Potential

For f ∈ C(∂Ω), we define

Sf(X) =

∫
∂Ω
R(X,Q)f(Q)dσ(Q) = (r ∗ f)(X),

with X /∈ ∂Ω.

∆Sf(X) = 0 for all X /∈ ∂Ω.

Sf ∈ C(Rn).
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Single Layer Potential

Sf(X) =

∫
∂Ω
R(X,Q)f(Q)dσ(Q), X /∈ ∂Ω.

The map

∂Ω× (−ε, ε)→ V

(P, t) 7→ P + tnP

is a diffeomorphism. For P ∈ ∂Ω and |t| < ε, t 6= 0, we define

DSf(P + tnP ) =

∫
∂Ω

∂

∂nP
R(P + tnP , Q)f(Q)dσ(Q).
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DSf(P + tnP ) =

∫
∂Ω

∂

∂nP
R(P + tnP , Q)f(Q)dσ(Q).

Theorem

If f ∈ C,
DSf ∈ C(Ω ∩ V ).

DSf ∈ C(Rn \ Ω ∩ V ).

Restriction to the boundary of the interior extension: D+S.
Restriction to the boundary of the exterior extension: D−S.

Theorem

D+S = −1
2I + T ∗.

D−S = 1
2I + T ∗.

Is D−S injective?
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Is D−S injective?

Assume D−Sf = 0 for some f ∈ C(∂Ω).

Let v = Sf ∈ C(Rn).
By Green’s formula,∫

Rn\Ω
|∇v|2 =

∫
Rn\Ω

v∆v +

∫
∂Ω
v
∂v

∂n
dσ = 0.

v = Sf is harmonic in Rn \ Ω.
∂v
∂n = ∂

∂nSf = D−Sf = 0.

Then ∇v = 0 in Rn \ Ω. But

v(X) = Sf(X) =

∫
∂Ω
R(X,Q)f(Q)dσ(Q) = O

(
1

|X|n−2

)
as |X| −→ ∞. So v = 0 in Rn \ Ω. By the maximum principle,
Sf = v = 0 in Rn⇒ f = 0.
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Limitations

At some point we wrote

ϕ(x) = ϕ(y)+ < x− y,∇ϕ(y) > +e(x, y), (1)

where e(x, y) = O(|x− y|2).
Let Ω be a C1+α domain, α > 0. That is, locally ∂Ω is the graph
of a C1+α-function ϕ, i.e., ϕ is C1 and∣∣∣∣ ∂ϕ∂xi (x)− ∂ϕ

∂xi
(y)

∣∣∣∣ ≤ C|x− y|α.
Then (1) is valid and

e(x, y) = O(|x− y|1+α).

|K(P,Q)| ≤ C

|P −Q|n−(1+α)
.
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Thank you for your attention!
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