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(1,p6): Lok K[G]  — Endk(L)
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Definition

A Hopf Galois structure of a finite extension of fields L/K is a
pair (H,-), where H is a K-Hopf algebra and -: H®oyx L — L is
a K-linear action, such that:
@ - is compatible with the K-Hopf algebra structure of H.
@ Themap (1,py): L@k H — Endk(L) is an isomorphism
of K-vector spaces.

We also say that L/K is H-Galois.

We say that L/K is Hopf Galois if it has some Hopf Galois
structure.
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Definition

N < Perm(X) is regular if for every x,y € X there is an unique
n € N such thatn(x) = y.
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Theorem (Greither-Pareigis)
There is an one-to-one correspondence between:

{(H,) | (H,-) Hopf Galois structure of L/K},

{N < Perm(X) | N regular and G-stable}.

geGneN=g(n)=xg)n\g™).

If N is regular and G-stable, its corresponding Hopf Galois
structure is

H = L[N]® = {x € L|N] | o(x) = x for all ¢ € G}.

We say that (H, -) is of type [N].
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A motivating example
Determination of the associated order Matrix of the action

The reduction method

L = Q3(a), a root of f(x) = x® + 3x2 + 3 in Qs.
Unique Hopf Galois structure of L/Q3: H with Q3-basis

wy =1d wo = (0 —0 )z Wa=0c+o

where ¢ € Gal(Z/@s) isa 3-cycleand z € L — Qs, 2% € Qs.
O, = Z3[a] = {1, o, o®} Zs-basis of O;.

‘ 1 o a?
wy |1 « o?
Wo | 0 3+9a+2a® —3-30a—9a2"°
ws | 2 e 9—a?
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A motivating example
Determination of the associated order Matrix of the action

The reduction method

Ay ={heH|h-xe O forall x € O.}.
Forh=37% hw,e Hand x =Y}, xad ™' € O,

h-x = [xi(hy +2h3) + x2(3h2 — 3h3) + x3(—3hz + 9h3)]
+ [X2(hy + 9h2 — h3) + x3(—30h2)] o
+ [x2(2h2) + x3(hy — 9ho — hg)] 2.
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Ay ={heH|h-xec O forallx € O}.
Forh=33  hw; e Hand x = Zl‘; X/~ e Oy,

h-x = [x1(hy +2h3) + Xo( ) + X3(—3h2 + 9h3)]
+ [xa( ) + x3(—30M2)]
+ [xo( )+ x3(hy — 9ho — h3)] a?.
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A motivating example
Determination of the associated order Matrix of the action

The reduction method

Ay ={heH|h-xec O forallx € O}.
Forh=33  hw; e Hand x = Zl‘; X/~ e Oy,
h-x = [x1(hi +2h3) + Xa( )+ Xx3(—3h2 + 9h3)]

+ [x2( ) 4 Xx3(—30h)] a
=+ [Xg( ) =+ X3(h1 — 9/72 — hg)] 052.

h € Ay if and only if
hy + 2hs,

—3ho + 9h3, —30hs, hy — 9ho — hs

are 3-adic integers.
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h € 2y if and only if

1 0 2

0O O 0

0O O 0
hy
h | € Zg
hs

0O -3 9

0 -3 O

1 -9 -1
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h € Ay if and only if

1.0 2\ /h
01 3||h]|ecz
0 0 6/ \hs
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h € Ay if and only if

1 0 2 hy
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if and only if
hy 1 6 0 -2 C1
hy | = 5 0 6 -3 Co
hs 0 0 1 Cs3

for some ¢y, ¢, 3 € Z3.
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The reduction method

h € Ay if and only if

1 0 2 hy
01 3 hy | € Z3
0 0 6 hs
if and only if
hy 1 6 0 -2 C1
hy | = 5 0 6 -3 Co
hs 0 0 1 Cs3

for some ¢y, ¢, 3 € Z3.

= {wy, wp, 23"t} 7. basis of Ay.
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Determination of the associated order Matrix of the action

The reduction method

L/K H-Galois of degree n.
W = {w;}[_; K-basis of H, B = {v;}]_; K-basis of L.

For1 <j < n, set

M(H,L): = [ (w8 (Wo-)a .. (Wa s )| € Ma(K),
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A motivating example
Determination of the associated order Matrix of the action

The reduction method

L/K H-Galois of degree n.
W = {w;}[_; K-basis of H, B = {v;}]_; K-basis of L.
For1 <j < n, set

| y y
Mi(H,L): = ((W1 e (We-v)s - (Wa-)B | € Ma(K),
| | |
Definition
The matrix of the action of H over L is defined as
M1 (H7 L)
M(H,L) = € M2, n(K).
Mn(H, L)
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The reduction method

In the motivating example,

10 2
Mi(H,L)= [0 0 0
000

Mo(H, L) = ( )

0 -27 9
My(H,L)=[0 -270 ©
1 -81 —1
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A motivating example
Determination of the associated order Matrix of the action

The reduction method

In the motivating example,

10 2
Mi(H, L) = (o 0 o)

000
M;(H, L)
Ma(H, L) = M(H, L) = [ Mx(H, L)
Ms(H, L)
0 —27 9
Ms(H,L)= [0 -270 0
1 —81 -1
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Proposition
Suppose that B = {v;}]_; is an Ok-basis of O,. Given h € H,

he Ay < M(H,L)he OF
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Suppose that B = {7,-}}721 is an Ok-basis of O;. Given h € H,

he Ay < M(H,L)he OF

A reduced matrix of M(H, L) is a matrix D such that there is
some unimodular matrix U € M(Ok) such that

UM(H, L) = %
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A reduced matrix of M(H, L) is a matrix D such that there is
some unimodular matrix U € M,(Ok) such that

D

UM(H.L) = [
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A reduced matrix of M(H, L) is a matrix D such that there is
some unimodular matrix U € M,(Ok) such that

(D)
UM(H, L) =

( Y ) O

M(H,L) = dM, d € K, M € Mp(Ok),

then D = do with UM = @

Daniel Gil Mufioz The reduction method
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The reduced matrix of M(H, L) always exists.
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The reduced matrix of M(H, L) always exists.

Let D be a reduced matrix of M(H, L). Given h € H,

h € Ay if and only if Dh € OF.
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A motivating example
Determination of the associated order Matrix of the action

The reduction method

Proposition
The reduced matrix of M(H, L) always exists.

Let D be a reduced matrix of M(H, L). Given h € H,

h € Ay if and only if Dh € OF.

Theorem (G., Rio)

Let D be a reduced matrix of M(H, L) and call D" = (dj)7;_-
The elements ,
V,—Zd/jW/, 1<i<n
=1

form an O -basis of A y.

v
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The reduction method

In the motivating example:

1 0 2
@ D=0 1 3| isareduced matrix of M(H,L).
0 0 6
6 0 -2
o TheinverseisD~'=1[0 6 -3
0 0 1

@ Ay has a basis formed by

—2wW1 — 3Ws + Wy
6

Vi =W Vo = Wo Vg3 =

Daniel Gil Mufioz The reduction method



A motivating example
Determination of the associated order Matrix of the action

The reduction method

L/K H-Galois extension of p-adic fields.

Daniel Gil Mufioz The reduction mi



A motivating example
Determination of the associated order Matrix of the action

The reduction method

L/K H-Galois extension of p-adic fields.

Reduction method

W K-basis of H, B Ok-basis of O,.
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L/K H-Galois extension of p-adic fields.

Reduction method

W K-basis of H, B Ok-basis of O,.
1. Determine the matrix of the action M(H, L).
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L/K H-Galois extension of p-adic fields.

Reduction method

W K-basis of H, B Ok-basis of O,.
1. Determine the matrix of the action M(H, L).
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L/K H-Galois extension of p-adic fields.

Reduction method

W K-basis of H, B Ok-basis of O,.
1. Determine the matrix of the action M(H, L).
2. Decompose M(H,L) = dM, d € K, M € M,(Ok).

3. Find an unimodular matrix U such that UM is a square
matrix ¢ and zero rows (for instance, Hermite normal
form).
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A motivating example
Determination of the associated order Matrix of the action

The reduction method

L/K H-Galois extension of p-adic fields.

Reduction method

W K-basis of H, B Ok-basis of O,.
1. Determine the matrix of the action M(H, L).
2. Decompose M(H,L) = dM, d € K, M € M,(Ok).

3. Find an unimodular matrix U such that UM is a square
matrix ¢ and zero rows (for instance, Hermite normal
form).

4. Compute the inverse of D = do. Its columns form an
Ok-basis of 2.
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L/K Galois extension with group of the form
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An application: Dihedral extensions

Induced Hopf Galois structures

L/K Galois extension with group of the form
G=Jxa,

J<IG G<G. Letly=LC% L,=1L.

r=|[Ly: K], s:=[L: K]
e \
N /
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An application: Dihedral extensions

Induced Hopf Galois structures

L/K Galois extension with group of the form
G=Jxa,

JIG G <G.letly=1C% [, =17
r=|[Ly: K], s:=[L2: K].

/ \ Theorem (Crespo, Rio, Vela)

If Ny < S, gives L1/K a H-G structure
and N, < Ss gives L, /K a H-G structure,
\ / then N .= Ny x N> < S, gives L/K a H-G

Structure.
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Induced Hopf Galois structures

L/K Galois extension with group of the form
G=Jxa,

JIG G <G.letly=1C% [, =17
r=|[Li: K], s:=[L: K].

/ \ Theorem (Crespo, Rio, Vela)

If Ny < S, gives L1/K a H-G structure
and N> < S;s gives Lo /K a H-G structure,
\ / then N .= Ny x N> < S, gives L/K a H-G

Structure.
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Induced Hopf Galois structures

L/K Galois extension with group of the form
G=Jx@,
JGG G <G letly=L% L,=L

L r=|[L:K],s:=[L: K]
/ \ Theorem (Crespo, Rio, Vela)
L N L, IfNy <S5 givesLi/K aH-G structure
and N> < S gives L, /K a H-G structure,
m A then N .= Ny x N> < S, gives L/K a H-G
K structure.
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Induced Hopf Galois structures

L/K Galois extension with group of the form
G=Jx@,
JGG G <G letly=L% L,=L

L r=|[L:K],s:=[L: K]
/ \ Theorem (Crespo, Rio, Vela)
L N L, IfNy <S5 givesLi/K aH-G structure
and N> < S gives L, /K a H-G structure,
m A then N .= Ny x N> < S, gives L/K a H-G
K structure.

The Hopf Galois structure of L/K given by N is called induced.
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Induced Hopf Galois structures

L/K Galois extension with group of the form
G=Jxa,

JIG G <G letly=L% =1
L r=|[Ly: K], s:=[L: K].

/ \ Theorem (Crespo, Rio, Vela)

L H L, IfNi <S5, givesLi/K aH-G structure

and N> < S gives L, /K a H-G structure,
k A then N .= Ny x N> < S, gives L/K a H-G
K

Structure.

The Hopf Galois structure of L/K given by N is called induced.
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Induced Hopf Galois structures

L r=1I[L: K] s:=[L: K]

/ \ Theorem (Crespo, Rio, Vela)

If Ny < S, gives Ly/K a H-G structure

L1 H L2
and N> < Ss gives L, /K a H-G structure,
N A then N .= Ny x N> < S, gives L/K a H-G
K

structure.

The Hopf Galois structure of L/K given by N is called induced.
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Induced associated order

. An application: Dihedral extensions
Induced Hopf Galois structures

L r=1I[L: K] s:=[L: K]

/ \ Theorem (Crespo, Rio, Vela)

If Ny < S, gives Ly/K a H-G structure

L1 H L2
and N> < Ss gives L, /K a H-G structure,
N A then N .= Ny x N> < S, gives L/K a H-G
K

structure.

The Hopf Galois structure of L/K given by N is called induced.
Proposition (G., Rio)

The induced Hopf Galois structures of L/K are those of the
form

H = H; ®k Ho,

where Hy is a Hopf Galois structure of L1 /K and H. is a Hopf
Galois structure of Ly /K.
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Induced associated order
An application: Dihedral extensions

Induced Hopf Galois structures

L/K H-Galois extension of fields.
L H = H; ®k Hp induced.
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Induced associated order
An application: Dihedral extensions

Induced Hopf Galois structures

L/K H-Galois extension of fields.

L H = H; ®x H, induced.
/ \ @ What is the relation between M(H, L),
L4 H Lo M(H1,L1) and M(HZ,LQ)’?
AN
K
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Induced associated order
An application: Dihedral extensions

Induced Hopf Galois structures

L/K H-Galois extension of p-adic fields.

L H = H; @k H, induced.
/ \ @ What is the relation between M(H, L),
Ly H Lo M(H1,L1) and M(HZ,LQ)’?
\ / @ Isittrue that Ay = A, Dok Ql/-/z?
H1 H2
K
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Induced associated order
An application: Dihedral extensions

Induced Hopf Galois structures

L/K H-Galois extension of p-adic fields.

L H = H; @k H, induced.
/ \ @ What is the relation between M(H, L),
Ly H Lo M(H1,L1) and M(HZ,LZ)’?
\ / @ Isittrue that Ay = A, Dok Ql/-/z?
H1 H2
K

Definition

The Kronecker product of two matrices A = (a;) and B is the
matrix defined by blocks as

A® B=(a;B).
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Definition

We say that a basis B of L is induced if M(H, Lg) and
M(Hy, Ly) @ M(Ho, Lp) are integrally equivalent.
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Induced Hopf Galois structures

Definition
We say that a basis B of L is induced if M(H, Lg) and
M(Hy, Ly) @ M(Ho, Lp) are integrally equivalent.

Proposition (G., Rio)
The product of basis of Ly and L, is an induced basis.
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Induced associated order
An application: Dihedral extensions

Induced Hopf Galois structures

Definition
We say that a basis B of L is induced if M(H, Lg) and
M(Hy, Ly) @ M(Ho, Lp) are integrally equivalent.

Proposition (G., Rio)
The product of basis of Ly and L, is an induced basis.

Theorem (G., Rio)

If L/K has some integral induced basis, then

Ay = Q(H1 Royk Qle.
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Induced associated order
An application: Dihedral extensions

Induced Hopf Galois structures

Definition
We say that a basis B of L is induced if M(H, Lg) and
M(Hy, Ly) @ M(Ho, Lp) are integrally equivalent.

Proposition (G., Rio)
The product of basis of Ly and L, is an induced basis.

Theorem (G., Rio)

If L/K has some integral induced basis, then

Ay = Q(H1 Royk Qle.

The same holds when Ly /K and L,/K are arithmetically
disjoint.
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Daniel Gil Mufioz



Induced associated order
An application: Dihedral extensions

Induced Hopf Galois structures

L/Qs dihedral extension of degree 6.

The induced Hopf Galois structures of L/Q3 are the ones of
type Cs.
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An application: Dihedral extensions

Induced Hopf Galois structures

L/Qs dihedral extension of degree 6.

The induced Hopf Galois structures of L/Q3 are the ones of
type Cs.

L is the splitting field over Qg of
one of the polynomials:

Daniel Gil Mufioz The reduction method



Induced associated order

Induced Hopf Galois structures

An application: Dihedral extensions

L/Qs dihedral extension of degree 6.

The induced Hopf Galois structures of L/Q3 are the ones of

type Cs.

L is the splitting field over Qg of
one of the polynomials:

RN :

5
AN

x3+3
x3+12
x3 + 21
x3+3x2+3
x34+3x+3
x34+6x+3
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Induced associated order
An application: Dihedral extensions

Induced Hopf Galois structures

L/Qs dihedral extension of degree 6.

The induced Hopf Galois structures of L/Q3 are the ones of
type Cs.

L is the splitting field over Qg of
one of the polynomials:

RN :

x3+3x2+3

5
AN
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Induced Hopf Galois structures

f splitting polynomial of L/Qs.
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Induced associated order
An application: Dihedral extensions

Induced Hopf Galois structures

f splitting polynomial of L/Qs.

1. Iff(x) = ,ac€ {3,12,21}, then L/Q3 has an integral
induced basis and 2y = 2y, @z, Ap,.
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Induced associated order
An application: Dihedral extensions

Induced Hopf Galois structures

f splitting polynomial of L/Qs.

1. Iff(x) = ,ac€ {3,12,21}, then L/Q3 has an integral
induced basis and 2y = 2y, @z, Ap,.

2. If f(x) = x® +3x2 4 3, then L{/Q3 and L,/Qs are
arithmetically disjoint and 2y = 2y, ®z, Ap,.
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Induced associated order
An application: Dihedral extensions

Induced Hopf Galois structures

f splitting polynomial of L/Qs.

1. Iff(x) = ,ac€ {3,12,21}, then L/Q3 has an integral
induced basis and 2y = 2y, @z, Ap,.

2. If f(x) = x® +3x2 4 3, then L{/Q3 and L,/Qs are
arithmetically disjoint and 2y = 2y, ®z, Ap,.

3. Iff(x) = ,a€ {3,6}, then Ay # Ay, @z, Ap,
(it is not even a tensor product).
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Induced Hopf Galois structures
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Induced Hopf Galois structures

Thank you for your attention
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