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Abstract

An important property of the A, weights is the extrapolation theorem of Rubio de
Francia. It was announced in 1982% and given with a detailed proof in 19842, both
by J.L. Rubio de Francia. In its original version, reads as follows: if T is a sublinear
operator which satisfies the strong type boundedness

T:12(v) = L(v)
for every weight v € A with constant only depending on v, then for 1 < p < oo,
T:LP(v) = LP(v)

is bounded for every v € Ap, with constant depending only on v. We will make
a review of some of the different versions over Banach function spaces that have
been appeared since then.

1J.L Rubio de Francia: Factorization and extrapolation of weights. Bull. Amer. Math. Soc. 7
(1982), 393-395.

2J.L Rubio de Francia: Factorization theory and A, weights. Amer. J. Math. 106 (1984), no.
3, 533-547.
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Banach Function Spaces

Definition 1 (Banach Function Spaces)

A Banach function norm p is a mapping p : Mt — [0, 00| such that the following
properties hold:
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Banach Function Spaces

Definition 1 (Banach Function Spaces)
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Banach Function Spaces

Definition 1 (Banach Function Spaces)

A Banach function norm p is a mapping p : Mt — [0, 00| such that the following
properties hold:

° p(£)0_= 06 f=0pae; p(f+g) <p(f) +plg): p(af) = ap(f), for

0 if0<f<gpuae =p(f)<pg);
0 if0< 1,/ fu-ae = p(fy) ] p(f);

o if E is such that u(E) < co = { f();i';[iozg-;(n;l)
= <

The collection
X =X(p) :={f € M: ||f|lx := p(|f]) < oo}

is called a Banach function space.

Sergi Baena i Miret (UB) 23/06/2020




Banach Function Spaces

The associate space of a Banach function space X is

X' = {f € M(R") : [flxs < co}

where

1
Il = sup i [ 1F(0g()l ok F € MUR?)
528 TeTx Jxo
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Banach Function Spaces

The associate space of a Banach function space X is
X'={f e M(R"): ||f]lx < oo}

where

1
Il = sup =3 [ IF(gCldx € MR,
gex llgllx Jro

Definition 3
We say that

T: X=X

is bounded if there exists C > 0 such that

ITFllx < CIfllx -
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Examples of Banach Function Spaces

Definition 4 (Weighted Lebesgue Spaces)
Let v be a weight, i.e., v > 0 and for every compact set K C R”,

/K v(x) dx < oo.

(e, v e L _(R")).

loc
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Examples of Banach Function Spaces

Definition 4 (Weighted Lebesgue Spaces)
Let v be a weight, i.e., v > 0 and for every compact set K C R”,

/K v(x) dx < oo.

(e, v € LE (R")). For v a weight and 1 < p < oo, f € LP(R", v) := LP(v) if

7l = ([ 176V dx)”” o

If p= o0,
11l ooy = ess supl|f| < co.
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Examples of Banach Function Spaces

Definition 4 (Weighted Lebesgue Spaces)
Let v be a weight, i.e., v > 0 and for every compact set K C R”,

/K v(x) dx < oo.

(e, v € LE (R")). For v a weight and 1 < p < oo, f € LP(R", v) := LP(v) if

Il = ([ 1661wt dx)l/p <o

If p= o0,
11l ooy = ess supl|f| < co.

Ifn=1and v=1, t~1/P € [2(0,1) whenever p > 2. I
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Examples of Banach Function Spaces

Proposition 6

For1 < p < oo, the associate space of LP(v) is (LP(v))" = LP (v1=P") where
1 < p' < oo is the conjugate exponent of p, i.e.

p P
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Examples of Banach Function Spaces

Proposition 6

For1 < p < co, the associate space of LP(v) is (LP(v))" = LP' (v1P") where
1 < p’ < oo is the conjugate exponent of p, i.e.

(L2(v)) = L?>(v71). In particular, (L2(R")) = L?>(R").
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Examples of Banach Function Spaces
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Examples of Banach Function Spaces

Definition 8 (Weighted Lorentz Spaces)
For v a weight and 1 < p < 00, 1 < g < o0,

© 1/q
e LR [l = ([ 7" W) 7P ay)  <oo
0

f € LP®(R, v) if ||f[|ppe(y) = SU%yM(y)l/" < o,
y>

where )\,y(y) = f{\f(x)|>y} V(X) dx.
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Examples of Banach Function Spaces

Definition 8 (Weighted Lorentz Spaces)
For v a weight and 1 < p < 00, 1 < g < o0,

© 1/q
e LR [l = ([ 7" W) 7P ay)  <oo
0

f € LP®(R, v) if ||f[|ppe(y) = SU%yAF(y)l/” < o,
y>

where )\,y(y) = f{\f(x)|>y} V(X) dx.

| A\

Remark 9
o LPP(v)=LP(v), 1< p<oco.
o LPL(v) = LP(v) < LP®(v).
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Examples of Banach Function Spaces

‘{\f:: t}

Figure 2: Level set of the function f.
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Examples of Banach Function Spaces

Given 0 < p < o0 and w a weight: w € B, = B,(R™) if exists C > 0 such that

0o t
lw|g = tP wlr) dr < C [ w(r)dr<oo, Vt>D0.
B t rP 0
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Examples of Banach Function Spaces

Given 0 < p < o0 and w a weight: w € B, = B,(R™) if exists C > 0 such that

0o t
lw|g = tP wlr) dr < C [ w(r)dr<oo, Vt>D0.
B t rP 0

Definition 10 (Classical Weighted Lorentz Spaces)
For0 < p<ooand w € By,

© 1/p
f € AP(Ry, w) if [|f][ap(w) i= </o f*(t)Pw(t) dt) < oo,

t l/P
e AP Rew) i gy =50 () ([ W) <
t>0 0

where f*(t) = inf{y > 0: A}(y) < t}.
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Examples of Banach Function Spaces

Given 0 < p < o0 and w a weight: w € B, = B,(R™) if exists C > 0 such that

0o t
lw|g = tP wlr) dr < C [ w(r)dr<oo, Vt>D0.
B t rP 0

Definition 10 (Classical Weighted Lorentz Spaces)
For0 < p<ooand w € By,

© 1/p
f € AP(Ry, w) if [|f][ap(w) i= </o (t)Pw(t) dt) < o,

t l/P
e AP Rew) i gy =50 () ([ W) <
t>0 0

where f*(t) = inf{y > 0: A}(y) < t}.

If w=1 then AP(w) = LP and AP®(w) = LP*.
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Examples of Banach Function Spaces

{f’*:-‘vi;}

Figure 3: Symmetric decreasing rearrangement of the function f.
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Examples of Banach Function Spaces
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Figure 4: Examples of functions in L21(0,1) and L>*(0,1).
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Hardy-Littlewood Maximal Operator

Definition 12

Given f € LL _(R™). The Hardy-Littlewood maximal function of f is defined by

loc

Mf (x) = sup|Q|/ F(y)|dy, V¥x€R".
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Hardy-Littlewood Maximal Operator

Definition 12

Given f € LL _(R™). The Hardy-Littlewood maximal function of f is defined by

loc

MF(x) = sup i/ F(y)|dy, V¥x€R".
QBX|Q| Q

4

Example 13
o If f =c €R, then Mf(x) = |c|,Vx € R".

v
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Hardy-Littlewood Maximal Operator

Definition 12
Given f € LL _(R™). The Hardy-Littlewood maximal function of f is defined by

loc

MF(x) = sup i/ F(y)|dy, V¥x€R".
QBX|Q| Q

Example 13

o If f =c €R, then Mf(x) = |c|,Vx € R".

e If ECR",
E

Mxe(x) = sup | ﬂQ|, Vx € R".

Q3x |Q|

In particular, for E = (a,b) C R,
b—a
IENT| bt LS
MxEg(t) = sup T = 1, a<t<h,

I>t | | E' t> b.
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Hardy-Littlewood Maximal Operator

-2 -1 0 1 2 3

Figure 5: The Hardy-Littlewood maximal function of X(0,1)-

Sergi Baena i Miret (UB) 23/06/2020 13/29



Hardy-Littlewood Maximal Operator and A, weights

B. Muckenhoupt? characterized the boundedness of
M : LP(v) — LP(v),

1< p<oo,

3B. Muckenhoupt: Weighted norm inequalities for the Hardy maximal function, Transactions
of the American Mathematical Society 165 (1972), 207-226.
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B. Muckenhoupt? characterized the boundedness of
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Hardy-Littlewood Maximal Operator and A, weights

B. Muckenhoupt3 characterized the boundedness of
M : LP(v) — LP(v),

1 < p < oo, with the condition v € A, = A,(R").

Definition 14

We say that a weight v is in the Ap-class if

K <|o| A ) (|clo| A ll")p_l s

3B. Muckenhoupt: Weighted norm inequalities for the Hardy maximal function, Transactions
of the American Mathematical Society 165 (1972), 207-226.
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A, weights

Proposition 15

Forl < p < oo,
/
vEA, = vITP €A,
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A, weights

Proposition 15

Forl < p < oo,
/
vEA, = vITP €A,

In particular, since (LP(v))" = LP’(Vl—p’)'

M: [P(v) = LP(v) < M: (LP(v)) <= (LP(v))".
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v(x) := |x|* (x € R") is an A, weight for —n < a < n(p — 1) (also for & = 0 if
p=1).
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Figure 6: Examples of Ay weights for n = 1.
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Assume that

T:1%(v) = L%(v)
is bounded for every v € As. Then,

T:LP(v) — LP(v)

is bounded for 1 < p < oo and v € A,
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Assume that

T:1%(v) = L%(v)
is bounded for every v € As. Then,

T:LP(v) — LP(v)

is bounded for 1 < p < o0 and v € A, (Rubio de Francia Extrapolation theo-
rem).
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Assume that

T:1%(v) = L%(v)
is bounded for every v € As. Then,

T:LP(v) — LP(v)

is bounded for 1 < p < o0 and v € A, (Rubio de Francia Extrapolation theo-
rem).
In the proof it is needed that

M:LP(v) = LP(v) and M:(LP(v)) < (LP(v))".
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Assume that
T:L2(v) = L2(v)

is bounded for every v € Ay. Then, if X is a Banach function space, for which
conditions in X

T:X—X

is bounded?
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Answer

Assume that
T:L2(v) = L2(v)

is bounded for every v € As. Then, if X is a Banach function space, such that
M: X — X and M:X - X

are bounded, then
T:X—X

is bounded.
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Weighted Lebesgue Spaces

Corollary 17 (Rubio De Francia Extrapolation Theorem)

Assume that
T:L%(v) = L2(v)

is bounded for every v € Ay. Then,

T:LP(v) = LP(v)

is bounded for every v € Ap.
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Example 18

@ The trivial one: T = Id.
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Example 18

@ The trivial one: T = Id.
@ “The trivial second”: T = M.
@ Hilbert transform:

Hf (x) = 1 lim / ) dy, VxeR",
T e=0t Jix—y|>e X — Y

whenever this limit exists almost everywhere.
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Example 18

@ The trivial one: T = Id.
@ “The trivial second”: T = M.

@ Hilbert transform:

Hf (x) = l lim /l Ly) dy, VxeR",

T e=0t Jix—y|>e X — Y

whenever this limit exists almost everywhere.

@ Singular integrals (as Calderén-Zygmund opeartors or Rough operators),
some multipliers operators (as the Hérmander multipliers or Bochner-Riesz
multipliers over the critical index), commutators, sparse operators... the
so-called Rubio de Francia operators.
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Weighted Lorentz Spaces

Forl<p<ooandl<p< oo,

M : LP9(v) — LP9(v)

is bounded if and only if v € Ap.
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Weighted Lorentz Spaces

Forl<p<ooandl < p < oo,
M : LP9(v) — LP9(v)

is bounded if and only if v € Ap.

Lemma 20
Forl<p<ooandl < p < oo,

M (LP9()) = (LP9(v))

is bounded if and only if v € Ap.
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Weighted Lorentz Spaces

Corollary 21

Assume that
T:L2(v) = L%(v)
is bounded for every v € Ap. Then,
T:LP(v) — LP9(v)

is bounded for every v € Ap.
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Weighted Classical Lorentz Spaces

For0 < p < oo,

M : AP(w) — AP(w)

is bounded if and only if w € Bp,.
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Weighted Classical Lorentz Spaces

For0 < p < oo,

M : AP(w) — AP(w)

is bounded if and only if w € Bp,.

Lemma 23

For0 < p < oo,
M: (AP(w)) — (AP(w))’

is bounded if and only if w € B, where

1 1 "
WEB:O<:>supt—/ —</ w(s)ds> dr < co.
>0 Jo w(r)drJo r \Jo
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Weighted Classical Lorentz Spaces

Corollary 24

Assume that
T:L2(v) = L%(v)
is bounded for every v € Ap. Then,
T : AP(w) — AP(w)

is bounded for every w € B, N BE,.
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Weighted Classical Lorentz Spaces

Proposition 25

Let 0 < p < co. Then,
H:AP(w) — AP(w)

is bounded if and only if w € B, N Bg,.
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@ Which operators satisfies the hypothesis.
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@ Which operators satisfies the hypothesis.
@ Change of the hypothesis.

o T:X—Y.

o T: X1 xXo =Y.
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Which operators satisfies the hypothesis.
Change of the hypothesis.

T:X—=>Y.

T:X1 xXXo — Y.

Which inequalities do we obtain for *?
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Thank you for your attention

SIMBaddicts!
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