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that:

@ Q(\u) = X?Q(u) forevery A € Rand v € M.
@ B: MxM— JR, B(u,v) = 3(Q(u+v)— Q(u)— Q(v)) is
R-bilinear.

B is the unique bilinear symmetric form whose associated
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Assume that M is R-free and fix an R-basis. Let A = (by);_;
be the (symmetric) matrix of B. Then:
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Quadratic forms over totally real number rings

A quadratic form on an R-module M is a map Q: M — R such
that:

@ Q(\u) = X?Q(u) forevery A € Rand v € M.
@ B: MxM— JR, B(u,v) = 3(Q(u+v)— Q(u)— Q(v)) is
R-bilinear.

B is the unique bilinear symmetric form whose associated
quadratic form is Q.

Q(u) = B(u, u)

Assume that M is R-free and fix an R-basis. Let A = (by);_;
be the (symmetric) matrix of B. Then:

Qu)=u'Au= > auuy;

1<i<j<n
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A n-ary quadratic form over a ring R is an homogeneous
polynomial Q € R[Xj, ..., X,] of degree 2.

QX,.... Xn)= > aXiX;, aj€R.

1<i<j<n

The integer number n is the arity or the rank of Q.
In arithmetic, we are interested in the case R = Z.
We say that Q is:
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In arithmetic, we are interested in the case R = Z.

We say that Q is:
@ Positive definite if Q(X) > 0 for every X € Z" — {0}.

Daniel Gil Muiioz Possible ranks of universal quadratic forms



Preliminaries Quadratic forms over the integer numbers
Quadratic forms over totally real number rings
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QX,.... Xn)= > aXiX;, aj€R.
1<i<j<n
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A n-ary quadratic form over a ring R is an homogeneous
polynomial Q € R[Xj, ..., X,] of degree 2.

QX,.... Xn)= > aXiX;, aj€R.
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The integer number n is the arity or the rank of Q.
In arithmetic, we are interested in the case R = Z.

We say that Q is:
@ Positive definite if Q(X) > 0 for every X € Z" — {0}.
@ Diagonal if a; = 0 for / # .
@ Classical if 2 divides agj for i # .

Recall that Q(X) = X'AX, with A € Mp(Q) symmetric.
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Preliminaries Quadratic forms over the integer numbers
Quadratic forms over totally real number rings

A n-ary quadratic form over a ring R is an homogeneous
polynomial Q € R[Xj, ..., X,] of degree 2.

QX,.... Xn)= > aXiX;, aj€R.
1<i<j<n
The integer number n is the arity or the rank of Q.
In arithmetic, we are interested in the case R = Z.
We say that Q is:
@ Positive definite if Q(X) > 0 for every X € Z" — {0}.
@ Diagonal if a; = 0 for / # .
@ Classical if 2 divides agj for i # .

Recall that Q(X) = X'AX, with A € Mp(Q) symmetric.
If Qis classical, then A € Mp(Z).
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Q(Xq,...,Xn)=a,acZ.
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We care about the degree 2 diophantine equation

Q(Xq,...,Xn)=a,acZ.

Definition

A quadratic form Q represents an integer a € 7 if there is some
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We care about the degree 2 diophantine equation

Q(Xq,...,Xn)=a,acZ.

Definition

A quadratic form Q represents an integer a € 7 if there is some
X € 2" — {0} such that Q(X) = a.

@ Pythagorean theorem: The ternary quadratic form
x? + y? — z? represents 0 (in infinitely many ways).
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Preliminaries Quadratic forms over the integer numbers
Quadratic forms over totally real number rings

We care about the degree 2 diophantine equation

Q(Xq,...,Xn)=a,acZ.

Definition

A quadratic form Q represents an integer a € 7 if there is some
X € 2" — {0} such that Q(X) = a.

@ Pythagorean theorem: The ternary quadratic form
x? + y? — z? represents 0 (in infinitely many ways).

@ Pell’s equation: If n € Z-g, 1 is represented by the form
x? — ny? (in infinitely many ways).
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Definition

We say that a quadratic form Q is universal if it represents all
positive integers.
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We say that a quadratic form Q is universal if it represents all
positive integers.

@ Langrange’s four-square theorem, 1770: The sum of
four squares x° + y2 + z2 + 2 is universal.
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We say that a quadratic form Q is universal if it represents all
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@ Langrange’s four-square theorem, 1770: The sum of
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@ Legendre’s three-square theorem, 1790: The sum of
three squares x? + y2 + z2 is not universal.

Daniel Gil Muiioz Possible ranks of universal quadratic forms



Preliminaries Quadratic forms over the integer numbers
Quadratic forms over totally real number rings

We say that a quadratic form Q is universal if it represents all
positive integers.

@ Langrange’s four-square theorem, 1770: The sum of
four squares x° + y2 + z2 + 2 is universal.

@ Legendre’s three-square theorem, 1790: The sum of
three squares x? + y2 + z2 is not universal.

o If 4 1 d, the ternary quadratic form x2 — y? + dz? is
universal.
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Theorem (Bhargava - Hanke, 2011)

Let Q be a positive definite quadratic form over Z. If Q
represents the twenty nine integers

1,2,3,5,6,7,10,13,14,15,17,19,21,22, 23, 26,

29,30, 31,34,35,37,42,58,93,110, 145, 203, 290,

then Q is universal.

Moreover, this set is minimal for that property.
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More general situation: R = Ok, number ring of a totally real
number field K.
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number field K.

Let K be a number field, d = [K : Q]
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More general situation: R = Ok, number ring of a totally real
number field K.

Let K be a number field, d = [K : Q] =
there are d embeddings o1,...04: K — C.
K is totally real if Im(o;) CRforall1 <i<d.

QXi,.... Xn) = > a;XiX;, aj € Ok.

1<i<j<n

a < gifand only if oj(a) < oi(B) for all /.
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More general situation: R = Ok, number ring of a totally real
number field K.

Let K be a number field, d = [K : Q] =
there are d embeddings o1,...04: K — C.
K is totally real if Im(o;) CRforall1 <i<d.

QXi,.... Xn) = > a;XiX;, aj € Ok.
1<i<j<n
a < gifand only if oj(a) < oj(B) for all i.
We say that Q is:
@ Positive definite if Q(X) > 0 for every X € Z" — {0}.
@ Diagonal if a; = 0 for / # .
@ Classical if 2 divides agj for i # j.
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A quadratic form Q is universal if it represents all totally
positive integers of Ok.
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An (algebraic) integer o € Ok is totally positive if o > 0.

Definition
A quadratic form Q is universal if it represents all totally
positive integers of Ok.

Recall that the sum of three squares is not universal over Q.
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Quadratic forms over totally real number rings

An (algebraic) integer o € Ok is totally positive if o > 0.

Definition

A quadratic form Q is universal if it represents all totally
positive integers of Ok.

Recall that the sum of three squares is not universal over Q.

Theorem (Maaf3, 1941)

The sum of three squares is universal over Q(\/5).
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Preliminaries Quadratic forms over the integer numbers
Quadratic forms over totally real number rings

An (algebraic) integer o € Ok is totally positive if o > 0.

Definition

A quadratic form Q is universal if it represents all totally
positive integers of Ok.

Recall that the sum of three squares is not universal over Q.

Theorem (Maaf3, 1941)
The sum of three squares is universal over Q(\/5).

4

Theorem (Siegel, 1945)

If the sum of n squares is universal over K, then

K =Q orQ(v5).
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Theorem (Hsia - Kitaoka - Kresner, 1978)

For every totally real number field K, there exists a universal
quadratic form over K.
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Theorem (Hsia - Kitaoka - Kresner, 1978)

For every totally real number field K, there exists a universal
quadratic form over K.

v

Problem

Let K be a totally real field. What is the minimal n € Z~q for
which there is a universal quadratic form over K of rank n?
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Theorem (Hsia - Kitaoka - Kresner, 1978)

For every totally real number field K, there exists a universal
quadratic form over K.

v

Problem

Let K be a totally real field. What is the minimal n € Z~q for
which there is a universal quadratic form over K of rank n?

We ask for the value of

m(K) = minimal rank of a universal form over K.
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Theorem (Hsia - Kitaoka - Kresner, 1978)

For every totally real number field K, there exists a universal
quadratic form over K.

v

Problem

Let K be a totally real field. What is the minimal n € Z~q for
which there is a universal quadratic form over K of rank n?

We ask for the value of

m(K) = minimal rank of a universal form over K.

There are not universal forms of ranks 1 or 2, i.e. m(K) > 8.
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Theorem (Hsia - Kitaoka - Kresner, 1978)

For every totally real number field K, there exists a universal
quadratic form over K.

Let K be a totally real field. What is the minimal n € Z~q for
which there is a universal quadratic form over K of rank n?

A

We ask for the value of

m(K) = minimal rank of a universal form over K.
There are not universal forms of ranks 1 or 2, i.e. m(K) > 8.

Conjecture (Kitaoka)
m(K) = 3 only for finitely many totally real fields K.
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In 2015, Blomer and Kala introduced a strategy to determine
families of number fields without universal quadratic forms of
few unknowns.
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Ranks of universal quadratic forms Recent results

In 2015, Blomer and Kala introduced a strategy to determine
families of number fields without universal quadratic forms of

few unknowns.

They applied it successfully to the case of totally real quadratic
fields.
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In 2015, Blomer and Kala introduced a strategy to determine
families of number fields without universal quadratic forms of
few unknowns.

They applied it successfully to the case of totally real quadratic
fields.

This approach is partly based on these ideas:
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In 2015, Blomer and Kala introduced a strategy to determine
families of number fields without universal quadratic forms of
few unknowns.

They applied it successfully to the case of totally real quadratic
fields.

This approach is partly based on these ideas:

@ Number fields with many indecomposable elements do
not have universal quadratic forms of few variables.
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Indecomposable elements and continued fractions

Ranks of universal quadratic forms Recent results

In 2015, Blomer and Kala introduced a strategy to determine
families of number fields without universal quadratic forms of
few unknowns.

They applied it successfully to the case of totally real quadratic
fields.

This approach is partly based on these ideas:
@ Number fields with many indecomposable elements do
not have universal quadratic forms of few variables.

@ One can construct indecomposable elements of a
quadratic field K = Q(+v/D) from the continued fraction

expansion of v/D.
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Definition

A totally positive element o € Ok is said to be
indecomposable if o # 5 + ~ for all totally positive 8,~ € Ok.
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Indecomposable elements and continued fractions
Ranks of universal quadratic forms Recent results

Definition

A totally positive element o € Ok is said to be
indecomposable if o # 5 + ~ for all totally positive 8,~ € Ok.

Suppose that « is indecomposable and represented by a
(positive definite) diagonal quadratic form

n
o = Z a,-,-x,~2.
i=1
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Indecomposable elements and continued fractions
Ranks of universal quadratic forms Recent results

Definition

A totally positive element o € Ok is said to be
indecomposable if o # 5 + ~ for all totally positive 8,~ € Ok.

Suppose that « is indecomposable and represented by a
(positive definite) diagonal quadratic form

n
2
o = Z aiiX; .
i=1
Necessarily, for some 1 < iy < n,

_ 2
o = a,'o,'OX,-O.

Daniel Gil Muiioz Possible ranks of universal quadratic forms



Indecomposable elements and continued fractions
Ranks of universal quadratic forms Recent results

Definition

A totally positive element o € Ok is said to be
indecomposable if o # 5 + ~ for all totally positive 8,~ € Ok.

Suppose that « is indecomposable and represented by a
(positive definite) diagonal quadratic form

n
2
o = Z aiiX; .
i=1
Necessarily, for some 1 < iy < n,

_ 2
o = a,'o,'OX,-O.

Then the rank of a diagonal universal quadratic form is at least
the number of indecomposables modulo squares.
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Indecomposable elements and continued fractions
Ranks of universal quadratic forms Recent results

Let v be a positive real number.
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Indecomposable elements and continued fractions
Ranks of universal quadratic forms Recent results

Let v be a positive real number. The expansion of v as a
continued fraction is the expression

1
¥ =Up+ ——, Ui € Z>o.
Uy + Uo+...
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Indecomposable elements and continued fractions
Ranks of universal quadratic forms Recent results

Let v be a positive real number. The expansion of v as a
continued fraction is the expression

1
¥ =Up+————, Ui € Lso.
s + Uo+...

We will write v = [up, Uy, ... ].
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Indecomposable elements and continued fractions
Ranks of universal quadratic forms Recent results

Let v be a positive real number. The expansion of v as a
continued fraction is the expression

1
¥ =Up+————, Ui € Lso.
s + Uo+...

We will write v = [up, Uy, ... ].

1l —[4,2,6,7].
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Indecomposable elements and continued fractions
Ranks of universal quadratic forms Recent results

Let v be a positive real number. The expansion of v as a
continued fraction is the expression

1
¥ =Up+ ——, Ui € Z>o.
Uy + Uo+...

We will write v = [up, Uy, ... ].

o =4y +; = [4,2,6,7].

e Vv2=1[1,222,...1=[1,2].
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Indecomposable elements and continued fractions
Ranks of universal quadratic forms Recent results

Let v be a positive real number. The expansion of v as a
continued fraction is the expression

1
¥ =Up+————, Ui € Lso.
s + Uo+...

We will write v = [up, Uy, ... ].

o Uo=44+ 1 =1[42086,7].

2+t
6+<

e Vv2=1[1,222,...1=[1,2].
e 7=1[3,7,15,1,292,...]
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Indecomposable elements and continued fractions
Ranks of universal quadratic forms Recent results

1
y=Uy+ ———, U € L
U + Uo+...
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Indecomposable elements and continued fractions
Ranks of universal quadratic forms Recent results

1
y=Uy+ ———, U € L
U1 + Uo+...

For i € Z>o, % = [up, ..., uj] is the i-th convergent of .
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Indecomposable elements and continued fractions
Ranks of universal quadratic forms Recent results

1
y=Uy+ ———, U € L
1_‘_U2+...

For i € Z>o, % = [up, ..., uj] is the i-th convergent of .

Basic properties

@ Piio = Uip2Pjr1 + Pis Qiz2 = Ujr2Qjr1 + q;-
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1
y=Uy+ ———, U € L
1_‘_U2+...

For i € Z>o, % = [up, ..., uj] is the i-th convergent of .

Basic properties
@ Piio = Uip2Pjr1 + Pis Qiz2 = Ujr2Qjr1 + q;-
® Pit1Gi — PiGit1 = (—1)F1.
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Indecomposable elements and continued fractions
Ranks of universal quadratic forms Recent results

1
y=Uy+ ———, U € L
1_‘_U2+...

For i € Z>o, % = [up, ..., uj] is the i-th convergent of .

Basic properties
@ Dit2 = Uiy2Pit1 + Pis Qiv2 = Ui12Qi+1 + Gi-
® Pi11Gi — Pigirt = (—1).
@ Given i€ Z>0,

1 - Pi ‘ - 1
N S | PN S
(Uip1 +2)g% |G Uit1G?
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Indecomposable elements and continued fractions
Ranks of universal quadratic forms Recent results

Let D € Z-¢ be squarefree. Then,
\/5 = [U(), U17 e US—172UO]7

where the sequence (uy, ..., Us_1) is symmetric.
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Let D € Z-¢ be squarefree. Then,
\/5 = [U(), U17 e US—172UO]7

where the sequence (uy, ..., Us_1) is symmetric.

Let us define
aj = p;i+ qiv/D.

Then, aj 2 = Ujroaji1 + a;.
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Let D € Z-¢ be squarefree. Then,
\/5 = [U(), U17 e US—172UO]7

where the sequence (uy, ..., Us_1) is symmetric.

Let us define
aj = p;i+ qiv/D.

Then, aj 2 = Ujroaji1 + a;.

Theorem
The elements

Qjr = rajpq +a;, 0 < r < Ujgp, i odd

and their conjugates are all indecomposables > 1 of

K = Q(VD).
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Let D € Z-¢ be squarefree. Then,
\/5 = [U(), U17 e US—172UO]7

where the sequence (uy, ..., Us_1) is symmetric.

Let us define
aj = p;i+ qiv/D.

Then, aj 2 = Ujroaji1 + a;.

Theorem
The elements

Qjr = rajpq +a;, 0 < r < Ujgp, i odd

and their conjugates are all indecomposables > 1 of

K = Q(VD).

In particular, the elements «;, i odd, are indecomposables.
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Conversely, we can obtain v/D from symmetric sequences of
integers:
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Conversely, we can obtain v/D from symmetric sequences of
integers:

Theorem (Friesen, 1988)
Let (uy, Uo,...,us 1) be symmetric and such that

a5 o (=1)°

01 IS evern.

Qs—2 Or

Then there are infinitely many square-free D such that

\/5 = [UO’ Uy, Uz, .. '7qu172U0]7

where uy = |VD).
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Choosing the coefficients u; suitably, we can construct infinitely
many K = Q(+/D) with many indecomposable elements. This
led to the following:
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Choosing the coefficients u; suitably, we can construct infinitely
many K = Q(+/D) with many indecomposable elements. This
led to the following:

Theorem (Blomer - Kala, 2015)

For every n € Z~q, there are infinitely many real quadratic fields
K = Q(v/D) such that every classical universal quadratic form
over K has rank at least n.
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Choosing the coefficients u; suitably, we can construct infinitely
many K = Q(+/D) with many indecomposable elements. This
led to the following:

Theorem (Blomer - Kala, 2015)

For every n € Z~q, there are infinitely many real quadratic fields
K = Q(v/D) such that every classical universal quadratic form
over K has rank at least n.

Theorem (Kala, 2016)

For every n € Z~, there are infinitely many real quadratic fields
K = Q(v/D) such that every universal quadratic form over K
has rank at least n, i.e. m(K) > n.
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If we restrict to diagonal quadratic form, there are more explicit
bounds available:
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If we restrict to diagonal quadratic form, there are more explicit
bounds available:

Theorem (Blomer - Kala, 2018)
Let K = Q(v'D). We have

max (A/:Ig, CeME,e) S mdiag(K) S 8MD

for any e > 0, where C. is a constant depending on ¢ and xk = 2
if s is odd and k = 1 otherwise.
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If we restrict to diagonal quadratic form, there are more explicit
bounds available:

Theorem (Blomer - Kala, 2018)
Let K = Q(v'D). We have

max (A/:Ig, CeME,e) < mdiag(K) S 8MD

for any e > 0, where C. is a constant depending on ¢ and xk = 2
if s is odd and k = 1 otherwise.

Uy +uUs+ -+ Ug_1 if sis even,
Mp =< 2up+ Uy + U+ -+ Ug_1 if sisodd and D # 1 (4),
2Uup+ U+ U+ -+ Us—y—1 ifsisoddand D=1 (4).
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For number fields of higher degree, there are similar results:
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For number fields of higher degree, there are similar results:

Theorem (Kala - Svoboda, 2019)

For every n, k € Z~q, there are infinitely many multiquadratic
fields K = Q(v/Dy, . .., /D) of degree 2k such that m(K) > n.
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For number fields of higher degree, there are similar results:

Theorem (Kala - Svoboda, 2019)

For every n, k € Z~q, there are infinitely many multiquadratic
fields K = Q(v/Dy, . .., /D) of degree 2k such that m(K) > n.

Theorem (Yatsyna, 2019)

For every n € Z~q, there are infinitely many cubic fields K such
m(K) > n.
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For number fields of higher degree, there are similar results:

Theorem (Kala - Svoboda, 2019)

For every n, k € Z~q, there are infinitely many multiquadratic
fields K = Q(v/Dy, . .., /D) of degree 2k such that m(K) > n.

Theorem (Yatsyna, 2019)

For every n € Z~q, there are infinitely many cubic fields K such
m(K) > n.

Theorem (Kala, 2021)

For every n,m € Z~o with m divisible by 2 or 3, there are
infinitely many totally real fields K of degree m such that
m(K) > n.
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We have also bounds for a special type of cubic fields.
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We have also bounds for a special type of cubic fields.

Definition

The simplest cubic fields are those cubic fields K, generated
by a polynomial of the form

fa(x) = x> —ax? — (a+3)x — 1, a € Zxo.
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We have also bounds for a special type of cubic fields.

Definition

The simplest cubic fields are those cubic fields K, generated
by a polynomial of the form

fa(x) = x> —ax? — (a+3)x — 1, a € Zxo.

Theorem (Kala - Tinkova, 2020)

Let K5 be a simplest cubic field. Then:
e m(K,) < 3(a+3a+6).

\ a@+3a+8
e Ifa>21, m(Ky) > =E
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Thank you for your attention
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